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Field-angle dependence of phonon
thermal Hall effect in Na, X, TeO
(X=Co, Zn)
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The mechanism behind thermal Hall effects by phonons, which are observed in various materials, is not
clarified despite the dominant contribution as heat carriers. Theoretically, mechanisms based on the
intrinsic Berry phase and those on extrinsic impurity-induced scatterings have been proposed, which
can be distinguished by comparing the field-angle dependence of the thermal Hall effect and that of
the magnetic anisotropy. Here, we investigate the field-angle dependence of the thermal Hall effects
in the antiferromagnet Na,Co,TeO, and its non-magnetic isostructural analogue Na,Zn,TeO, in the ac
plane. We find that the field-angle dependence of the thermal Hall conductivity in both materials well
follows that of the out-of-plane magnetization, showing a common mechanism by extrinsic impurity-
induced scatterings in both the phonon thermal Hall effect and that enhanced by a coupling with the
magnetism.

Thermal Hall effects (THEs) in an insulator, which should be forbidden owing to the apparent absence of
conduction electrons, have been observed in various insulators, including ferromagnets”, antiferromagnets4‘6,
Kitaev candidate materials’"12, spin ice!?, high- T¢ cuprates!*~!® and even in non-magnetic insulators'’~2!. As
the origin behind these THEs, not only magnetic excitations, such as magnons!~>%!1, spinons*°, and Majorana
fermions’® but also non-magnetic phonons>!%!2-22 are suggested. Among these possible origins, given the
pervasive presence of the phonon thermal conduction in all materials, it is especially important to clarify the
underlying mechanism of the phonon THEs to discriminate other THEs by magnetic excitations.

However, the understanding of phonon THEs is far behind those for magnetic excitations. This is because,
whereas THEs exhibited by these magnetic excitations are basically understood in terms of the Berry curvature
of their energy bands, it is not even clear how the dynamics of phonons are coupled with the magnetic field.
For example, the magnon thermal Hall conductivity ( x »,) observed in the magnetic skyrmion phase can be
well described by the Berry curvature of the magnon bands given by the magnetic skyrmion lattice>°. The half-
quantized K zy in the Kitaev model is also realized by the Berry curvature of the Majorana fermions, which is
suggested to be observed in a-RuClL,”~’. In contrast, for the intrinsic Berry curvature»** and extrinsic impurity-
induced scatterings®~3? mechanisms suggested for phonon THEs, the effects of the intrinsic Berry curvature are
generally too weak to account for the magnitude of & », measured in various materials, and it is not clear if the
calculations based on the extrinsic mechanism are consistent with the common thermal Hall angle (& 2y /& «a)
observed in various materials'®, requiring a new angle of study to clarify the phonon THE.

Here, we suggest that the magnetic field-angle dependence of & 4 plays an important role in distinguishing
between the intrinsic and extrinsic mechanisms of the phonon THE. The field-angle dependence of & . from
an intrinsic mechanism is given by the magnetic anisotropy of the spin Hamiltonian of the system, as the field-
angle dependence of & z, in the Kitaev model is determined by the magnetic field direction with respect to the
spin axes’. On the other hand, the field-angle dependence of & 5, from an extrinsic mechanism is given by the
angle between the heat flow and the magnetization ( M) as that in the anomalous Hall effect in ferromagnetic
metals®*. For example, in the theoretical studies of extrinsic skew scatterings®>?%, the field-angle dependence of
K 2y is suggested to be given by the scattering rate Wi_, g occ M- (k X k'), where k and k' are the phonon
momentum of the initial and the final state, respectively. In this case, when the heat current is applied in the z-y
plane, the field-angle dependence of & .y becomes proportional to that of the out-of-plane magnetization, i.e.
Koy (0) o M. (0), where § denotes the angle of the magnetic field from the axis perpendicular to the basal
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plane and M. is the magnetization along the ¢ (|| z) axis (see Fig. 1(b)). Therefore, the field-angle dependence
of a phonon THE will provide new information to facilitate the understanding for the underlying mechanism.
In addition, one needs to consider the possibility that phonon THEs may have multiple mechanisms as in the
anomalous Hall effect in ferromagnetic metals*. Therefore, the phonon THEs in different materials may be
caused by different mechanisms depending on the details of the material structure, requiring comparative
studies done in the isostructural compounds.

In this study, we investigate the magnetic field-angle dependence of x ., and the longitudinal thermal
conductivity ( K z) in the Kitaev-candidate antiferromagnet Na,Co,TeO, (NCTO) and its isostructural non-
magnetic analogue Na,Zn,TeO, (NZTO). Our & », measurements done on both magnetic and non-magnetic
isostructural insulators allow us to discriminate the phononic and magnetic contributions in & zy. In the non-
magnetic NZTO, we reveal that  ,, by phonons shows a clear field-angle dependence of & 4, (6 ) < cosé,
suggesting a dominant contribution by extrinsic impurity-induced scatterings. In the paramagnetic phase of the
magnetic NCTO, the phonon THE is observed to be enhanced by a coupling with the magnetism. We find that
K oy (0') of this enhanced phonon THE also follows M. (6 ) by considering its easy-plane anisotropy, which is
consistent with the extrinsic effects. We suggest that the phonon THE in both compounds is commonly caused
by extrinsic skew scatterings, on the basis of the similarity to the anomalous Hall effect in ferromagnetic metals.

Results

The cobalt-based antiferromagnet NCTO constitutes the two-dimensional honeycomb layers of Co?* ions (Fig.
1a) which form Jegr = 1/2 Kramers doublets*~*!. The temperature dependence of the magnetic susceptibility
(x (T)) shows a large easy-plane anisotropy ( x , > X .) and an anomaly by the antiferromagnetic order at the
Néel temperature Tx = 27 K (Fig. 1d). This antiferromagnetic order can be suppressed by applying magnetic
field parallel to the ab plane, which results in the increase of & ., at 15 T applied parallel to the « axis (Fig.
1c)!2, In the isostructural non-magnetic analogue NZTO, the magnetic Co** ions are replaced by the non-
magnetic Zn®* with keeping the lattice structure of NCTO (P6,22) including the disorder of Na ions*>*¢**, The
magnitude of x of NZTO is more than two orders of magnitude smaller than x of NCTO and is dominated by
the core diamagnetic contribution for both B || aband B || c (see Fig. S1 in Supplementary Material (SM)),
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Fig. 1. (a) A schematic of the crystal structure showing Co/Zn (blue and green circles) and Te (yellow) atoms
in the ab plane. (b) An illustration of our experimental setup for the thermal conductivity and the thermal
Hall measurements. The temperature gradients caused by the heat current Jg applied along the a axis were
measured by the three thermometers. The magnetic field B was applied in the direction of 6 from the c axis
in the ac plane (see SM for more details of the setup). (c, d) The temperature dependence of the longitudinal
thermal conductivity ( & z, ¢) and the magnetic susceptibility (x , d) of NCTO (red) and NZTO (grey). The
data of K gz and x in B || a of NCTO is taken from our previous work!!. See Fig. S1 in SM for an enlarged
view of x of NZTO.
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confirming that NZTO is non-magnetic. The temperature dependence of & ;.. of NZTO shows the phonon peak
around 25 K (Fig. 1¢) with a very small field dependence as shown below (Fig. 2).

We first investigate the field dependence of the normalized magnetothermal conductivity
A K 3z (B) /K 22 (0) = (K 22 (B) — K 22 (0)) /K 22 (0) and that of the thermal Hall conductivity divided by
the temperature k 5, /T in NZTO in which only the phonons are heat carriers. Figure 2 shows the representative
data at various temperatures and angles. As shown in Figs. 2(a—c), the field dependence of A & 4 (B) /K 2z (0)
at 20 K shows a positive magnetothermal conduction at 0° that becomes smaller at higher angles. This positive
magnetothermal conduction becomes further smaller at higher temperatures, which is followed by the negative
magnetothermal conduction for all the angles at 45 K. This positive magnetothermal conduction is typical of
the phonon thermal conduction that is enhanced by suppressing the scattering by magnetic impurities under
magnetic field. The negative magnetothermal effect observed at higher temperatures would be due to a resonant
scattering effect between the phonons and the Zeeman gap, which is known to block the phonon conduction**.
Therefore, despite the non-magnetic property of NZTO, the field dependence of A & 34 (B) /K zo (0) shows
the presence of weak scattering effects on the phonons due to residual magnetic impurities in the sample.

In contrast to the field dependence of A K 4 (B) /K «z (0), only negative & /T is observed for all the
fields and angles with a linear field dependence (Figs. 2(d-f)), as observed in other non-magnetic materials'®1°.
As described later, the magnitude of & ., /T decreases with increasing the temperature (Fig. 4(b)) and the field
angle from B || cto B || ab (Fig.5).

Next, we examine the field dependence of A & 44 (B) /K 2o (0) and that of & 2, /7 in NCTO above 20K (see
Fig. S2 in SM for the lower temperature data). As shown in Fig. 3, both the magnitude of A £ 45 (B) /K 22 (0)
and that of k /7 are substantially larger than those in NZTO, showing enhancement effects by the magnetic
component. As shown in Figs. 3(a) and 3(b), A & 2z (B) /K 2« (0) shows the positive magnetothermal
conductivity for the in-plane field, which turns into the negative one for the out-of-plane field. We note that the
increase of A K 2o (B) /K 2« (0) at 22 K under the in-plane field matches well with the results of the earlier
work done in higher fields'! (see Fig. S3 in SM). At higher temperatures, only the negative magnetothermal
conductivity is observed for all the angles as shown in Fig. 3(c). Although the positive A & 24 (B) /£ 22 (0) can
be understood by the same field-enhancing effect on phonons observed in NZTO, the negative one may contain
a decrease of a magnetic contribution in £ 4, as suggested by the previous work!? (see SM for details).

The dependence of k 5,/T on the field and the angle in NCTO is also quite different from that of

A K 22 (B) /K 2« (0). At 22 K and at 0°, the negative /7 starts to increase above around 4 T (Fig. 3(d))
in contrast to the immediate field-induced decrease of A K 4 (B) /K 2 (0) (Fig. 3(2)). This negative & 5y /T
is enhanced for 45°-60°, which is followed by a rapid decrease at 90° (Fig. 3(d)). At 30 K, on the other hand,
K «y/T shows alinear increase to the magnetic field up to ~8 T except & = 90° (Fig. 3(e)) despite the absence
in the field dependence of A & 34 (B) /K z2 (0) below 6 T for 0°-30° (Fig. 3(b)). The field-angle dependence
of K4y /T is not discernible at 30 K for 0°-45°, which is followed by a gradual decrease as approaching
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Fig. 2. The magnetic field dependence of A K 4 (B) /& 2 (0) (a—c) and & 5, /T (d-f) at 20K (a, d), 30 K
(b, e), and 45 K (¢, f) and at different angles of NZTO. The averaged data measured in the magnetization and
the demagnetization processes is plotted. The error bars show the deviation of the data in the two processes.

The error bars are not shown for the data of which the errors are smaller than the symbol size as those in
A K 2z (B) /K 22 (0). The dashed lines in (d-f) show a linear fit of the & 5, /7T data.
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Fig. 3. The magnetic field dependence of A K 4 (B) /& 2z (0) (a—c) and K 5y /T (d-f) at 22K (a, d), 30 K

(b, e), and 46 K (c, f) and at different angles of NCTO. The error bar definition is the same as that used in
Fig. 2.
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Fig. 4. The temperature dependence of —x 5, /T B (left axis) and & .z /T (right axis) of NCTO (a) and
NZTO (b). The data at 8 T is used to estimate —& 4 /7' B of NCTO, whereas the slope of the linear fit (the
dashed lines in Fig. 2) is used for NZTO. The error bar definition of the NCTO data is the same deviation as
used in Fig. 3. The error bars of the NZTO data show the greater of the same deviation at 9 T or the standard
deviation of the linear fit. The data of & 5. /7T at 10 T applied along the a axis is plotted for NCTO to show the

temperature dependence of the phonon contribution without the effect by the AFM order that develops below
Tn. See Figs. S4-S6 in SM for the additional field dependence data of x 5, /T

6 =90° (Fig. 3(e)). The dependence of & /T on the field and the angle at 46 K (Fig. 3(f)) is similar to that at
30K, in contrast to the disappearance of the positive magnetothermal conduction at this temperature (Fig. 3(c)).
This contrasting field and field-angle dependence of A & 4 (B) /K 2 (0) and that of & 4y, /7 indicate that the
field-induced changes in the scattering on the heat carriers are irrelevant to the THEs in NCTO. The different
field dependence of & ., /T at 22 K ( < T) from that at 30 and 46 K is attributed to an effect by the AFM order

as discussed in SM (see Fig. S7 in SM).
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Fig. 5. The field-angle dependence of —k ., /T B (filled symbols, left) and A £ 4 (B) /& =z (0) (open
symbols, right) of NCTO (red) and NZTO (grey) at 30 K. The A & 45 (B) /K 22 (0) data at 8 T (9 T) is shown
for NCTO (NZTO). The —k 4y /T B data of NZTO is multiplied by 5 for clarity. The error bar definitions are
the same as those used in Fig. 4. The grey dashed line shows a cosine fit to the —& 4, /7'B data of NZTO. The
red dashed line shows a fit to the —x 4 /7' B data of NCTO by the field-angle dependence of the out-of-plane
magnetization.

We summarize the temperature dependence —k 5, /T'B and & 42 /T of NCTO and NZTO in Fig. 4(a)
and Fig. 4(b), respectively. We also plot the field-angle dependence of —k 2y /T B and A K 45 (B) /K oz (0)
extracted from Figs. 2 and 3 at a constant temperature in Fig. 5 (30 K), Fig. S7 (20 K), and Fig. S8 (45 K).

Discussion

We first discuss the enhancement of the phonon THE in the paramagnetic phase of NCTO by the magnetic
component. As shown in Fig. 4(b), the temperature dependence of —k »,/T'B of NZTO at 6 = 0 depends
almost linearly on that of & /7T, which is characteristic of a phonon THE as observed in other non-magnetic
insulators'®1°. Remarkably, this linear scaling is also observed in the magnetic NCTO as shown in Fig. 4(a),
suggesting a dominant phonon contribution in & 5y of NCTO. In addition, |& zy/7'B| of NCTO is larger than
that of the isostructural NZTO for all angles, showing an enhancement of the phonon & -, by the magnetism
in NCTO. The presence of the magnetic contribution in & sy is also supported by the negative magnetothermal
conduction (Figs. 3(a)-(c)). These results suggest that x ,, of NCTO comes from hybrids of phonons and
magnetic excitations*~*’. A similar enhancement of & ,, is also reported in the two-dimensional van der Waals
magnet V1,2,

Next, we discuss the field-angle dependence of the THEs observed in NCTO and NZTO. As shown in Fig. 5,
the field-angle dependence of the phonon & . in NZTO fits well to the cosine function (the grey dashed line).
We note that the slight deviation of the data from the cosine function would be due to the scatters of the data
(see Figs. 2(d)-(f) and Fig. S6 in SM). On the other hand, the field-angle dependence of A kK 4z (B) /K 2z (0)
stays almost constant in the whole field-angle range, showing negligible field-angle dependence of the phonon
scattering intensity. Therefore, we conclude that the cosine field-angle dependence of & .y in NZTO is not
consistent with an intrinsic mechanism because there should be no field-angle dependence in an intrinsic
mechanism due to the isotropic non-magnetic property of NZTO (Fig. 1(d)). On the other hand, the cosine
field-angle dependence of & .y is consistent with an extrinsic impurity-induced mechanism that the field-angle
dependence of the phonon THE is determined by the angle between the heat flow and the magnetization of the
residual magnetic impurities that are observed to affect . (Figs. 2(a-c)).

The field-angle dependence of —k »,/T'B of NCTO shows a sharper decrease at angles greater than 60°,
reaching to zero at 90° . This angle dependence is more pronounced than the cosine function of —x /7' B of
NZTO. Meanwhile, the field-angle dependence of A & 3o (B) /K 22 (0) of NCTO is as small as that of NZTO.
This field-angle dependence of —« /7B in NCTO can also be understood by the same extrinsic mechanism
in NZTO. Indeed, the field-angle dependence of |k 4, /T'B| of NCTO fits well with an elliptic angle dependence
of the out-of-plane magnetization M. (the red dashed line) by considerling the easy-plane anisotropy such that

Koay (0) o Me(6), where M (0) = M. (0)- (1+ (tanf /o))" 2 and o = 3.2 is the averaged ratio of

the magnetization along the a axis to that along the c axis (Fig. 1(d)), indicating that the phonon THE in the
paramagnetic phase of NCTO also comes from extrinsic scatterings given by the magnetization perpendicular
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to the basal plane. We also find a similar scaling between the angle dependence of |« .,,/T'B| and that of the
out-of-plane magnetization at 20 K (Fig. $7) and 45 K (Fig. S8) for both NCTO and NZTO, except for the data in
the antiferromagnetic phase of NCTO at 20 K for 6 < 45° , where a suppression of |k 5, /T B| from the elliptic
angle dependence is observed due to an emergence of another magnetic contribution in the antiferromagnetic
phase. Therefore, we conclude that the phonon THE observed in both NCTO (the paramagnetic phase) and
NZTO has its origin in the extrinsic phonon-magnetism scatterings.

In the anomalous Hall effects in ferromagnetic metals®, the anomalous Hall conductivity by the extrinsic skew
scatterings is shown to have the field-angle dependence given by the scattering rate Wiy, q oc M- (k x k'),
which is consistent with the field-angle dependence of the phonon & ., observed in our measurements. From
this analogy, we suggest that similar skew scatterings of phonons by the magnetism play an important role in
the phonon THE. In fact, the theoretical works in Ref?. and Ref?. point out the importance of a similar skew
scattering given by the angle between the magnetization and the thermal current. We note, however, that the
situations considered in these works differ from that studied in our materials; the former considers the effects
by the quadrupole moment of the superstoichiometric Tb** ions and the latter the phonon scatterings by charge
defects, requiring further theoretical studies to identify the details of the extrinsic mechanism behind the linear
correlation between & .y, (6 ) and M. (0 ).

Moreover, similar to the three mechanisms (intrinsic, extrinsic skew, and extrinsic side-jump) considered in
the anomalous Hall effects, there might be multiple mechanisms behind the phonon THE, and one of them may
emerge as a dominant mechanism depending on the material conditions. In fact, a large sample dependence
in the planar K5y at & = 90° is reported in different NCTO samples'?, implying a presence of another
mechanism for the planar « -, related to the sample quality, in addition to the phonon-magnetism scattering by
M. (0 ) dominating the field-angle dependence of & . (¢ ) found in this work. Moreover, the phonon THE by
resonance scatterings has been reported in the metallic spin ice compound!?, which is suggested to be explained
by a side-jump mechanism by non-Kramers ions®'. The different field-angle dependence reported in the non-
magnetic black phosphorus!®?! may also be caused by a different mechanism acting for the ballistic phonons
in the highly clean sample. Therefore, as a key future challenge, it is important to investigate other mechanisms
by examining an intrinsic contribution through first-principles calculations or incorporating inelastic X-ray
scattering to directly probe topological nature of phonon bands, as well as by extending the study of field-angle
dependence of thermal Hall effects to other materials with strong spin-orbit couplings (e.g. a-RuCl,).

In summary, we investigate the field-angle dependence of the thermal conductivity and the thermal Hall
conductivity in the ac plane for both the antiferromagnet Na,Co,TeO, and its isostructural non-magnetic
analogue Na,Zn,TeO,. Our measurements done in isostructural magnetic and non-magnetic compounds allow
us to study the purely phonon contribution in & z, and that coupled with the magnetism. We reveal that both
the field-angle dependence of & 5y of the paramagnetic phase in Na,Co,TeO, and that in Na,Zn,TeO, follow
that of the out-of-plane magnetization, suggesting the presence of a common extrinsic mechanism by phonon-
magnetism scatterings. Given the similarity to the anomalous Hall effect in ferromagnetic metals, we suggest
that the field-angle dependence of & zy in both compounds is caused by extrinsic skew scatterings.

Data availability
All the data supporting this study is available from the corresponding authors upon reasonable request.
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